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I. INTRODUCTION
The Euler's work equation is the most fundamental relation specifying the work transfer involved in a conventional turbomachine. Consequently it is discussed in all textbooks of turbomachines. All textbooks give a diagram similar to Figure 1 and, for the specified configuration, deduce the Euler's equation:
where,ṁ is the mass flow rate, r is the radius, and U θ is the absolute tangential velocity. The following convention for subscripts and superscripts is adopted in this paper: the subscripts i and o denote, respectively, the inlet and the outlet conditions; the subscripts r, θ , and z are used to denote the corresponding components of a vector quantity along the three cylindrical coordinates; the symbol overbar () is used to denote the area-averaged value of a variable and the symbol hat ∧ () is used to denote the mass-flow-averaged value of a variable. In Eq. (1) and throughout this paper, is taken as the torque that is applied on the fluid, since this will help to develop a unified treatment of conventional turbomachines and Tesla disc turbomachines. From Newton's third law of motion, the torque that is applied on the solid body is equal and opposite to that applied on the fluid: solid = − fluid . The shaft power,Ẇ x , can be calculated fromẆ x = solid , where, is the rotational speed of the rotor;Ẇ x is positive for a turbine,Ẇ x is negative for a compressor.
In a conventional turbomachine, work transfer is carried out by the dynamic action of (usually many) blades. The flow of fluid around the aerofoil cross-section of a blade creates a pressure difference between the suction and pressure sides of the blade. The integrated effect of this pressure difference results in an aerodynamic force. The rotational motion of the rotor blades creates the required velocity along the line of action of the aerodynamic force for the transfer of power between the fluid stream and the rotor blades. The direction of the force and that of the rotational motion are such that power is transferred from the rotor blades to the fluid stream in a compressor and power is transferred from the fluid stream to the rotor blades in a turbine.
Unlike a conventional turbomachine in which the pressure distribution around the blades is responsible for the generation of the torque, shear stress acting on the disc surfaces gives rise to the torque in a Tesla disc turbine. There are other major differences in the flow features which will be revealed in the course of the present analysis. The present paper investigates whether the Euler's work transfer equation would be applicable for the very different type of fluid flow that exists in the Tesla disc turbine, and, if so, what would be the rigorous and generic form of the Euler's work equation. The fluid dynamics has been analysed here by mathematical theories as well as by the computational fluid dynamics (CFD) solutions to gain fundamental physical insight into both the overall work transfer and its spatial development. The details of the theory have been worked out for the flow configuration of a disc turbine but it has been shown that the principle and the developed equations are also applicable to disc pump or compressor.
The details of the working principle of a disc turbine are given in Refs. 5-13. Tesla turbine is a bladeless turbomachine in which the rotor is constructed by a series of co-axial, parallel flat because Bödewadt had dealt with the case where there was a single static disc of infinite radius, the rotating fluid was of infinite expanse along the axis of rotation, and moreover there was no superposed inflow. The cases considered by some of the modern researchers like Poncet et al. 18 with superposed outflow is not applicable for Tesla turbine because they had considered a stator-rotor system but all discs in a Tesla turbine are rotors and the superposed flow is inward. None of the solutions given by Holodniok et al., 19, 20 is applicable for Tesla turbine because in all of their cases the discs are imparting rotation to the fluid. Another distinguishing feature of the Tesla turbine configuration is the small gap between two adjacent discs, which may be small enough in certain cases to be considered as a micro-channel. Usually, the two boundary layers on the two discs would merge together, so that a core flow of the Batchelor-type does not occur. The boundary layers near the discs cannot also be described like the Ekman layer in which only Coriolis component of the inertial terms is retained.
Hoya and Guha 9 presented the design of a multipurpose flexible experimental rig and undertook a systematic series of experiments on the performance and efficiency of Tesla disc turbine. One important challenge is to measure low torque at very high angular speed. Several methods were tested and a new method called "the angular acceleration method" was developed. Tesla turbine has several important advantages. 9 For example, the manufacturing cost of the discs would be lower than the aerofoil-shaped blades of conventional turbomachines. The turbine has self-cleaning nature due the centrifugal force field. This makes it possible to operate the turbine with non-conventional fuels like biomass which produce solid particles.
The main disadvantage of the Tesla disc turbines is that the present values of their efficiency are lower than that of conventional turbines. However, it is hoped that the current surge of research would improve the efficiency of the disc turbines-Guha and Smiley, 11 for example, have developed an improved design of the nozzle, greatly improving the efficiency and achieving uniformity in the velocity profile of the jet. (The loss in the nozzle is generally recognized 6, 8 as a major source of loss in a conventional Tesla turbine.) Tesla turbines may find niche applications in the future. However, even if this does not happen on a commercial scale, the understanding of the fluid dynamics of this special type of rotating flow (as explained above) is important in its own right.
Many experimental Tesla disc turbines are built with one or more nozzles at the periphery of the rotor. The fluid velocity at the nozzle exit may be large leading to compressibility effects, including the presence of shock waves in some instances. If the fluid is a two-phase mixture, such as a solid-particle-laden gas, then the principles of two-phase flow 21 and careful consideration of the concepts of total pressure and total temperature in two-phase flows 22, 23 may be necessary. The presence of a finite number of nozzles may introduce non-uniformity in inlet conditions for the disc rotors. This is why the generic principle of work transfer, that includes the effects of non-uniformity and compressibility, has been developed here.
The overall organization of the present paper is as follows. The general principle of Euler's work transfer equation for the flow through co-rotating discs is formulated in Sec. II. The formulation is capable of dealing with generic forms of non-uniformity in the flow-field (such as what would be the case if the inter-disc spacing is large or if a finite number of discrete nozzles is present at the inlet), and the flow may be incompressible or compressible, laminar or turbulent. Section II shows that the torque can be calculated from changes in angular momentum as well as from viscous shear stresses (the work equivalence principle), and not all shear stress components are responsible for the generation of useful power. After establishing the work equivalence principle in Sec. II, its validity is assessed in two complementary ways: analytically in Sec. III and by means of CFD simulations in Sec. V. The analytical theory is valid for small inter-disc spacing and axi-symmetric inlet condition. The CFD simulations are based on full Navier-Stokes equations, and can handle large inter-disc spacing and complex boundary conditions. New physical insight on the spatial development of work transfer has been obtained from the CFD simulations. Section IV addresses the form of the work transfer principle in stationary vis-à-vis rotating frames of reference. Additional physical reflections and limiting cases have been discussed in Secs. VI and VII.
II. FORMULATION OF EULER'S WORK EQUATION AND WORK EQUIVALENCE PRINCIPLE FOR TESLA DISC TURBOMACHINE
It has been explained in Sec. I that the nature of force producing the torque is different in conventional turbomachines and Tesla disc turbomachines (pressure vs shear force). Another major difference arises from the fact that the flow in Tesla disc turbomachine is severely non-uniform. The serious non-uniformity in the z-direction is caused by the action of viscosity and is accentuated because the dimension in the z-direction is very small (inter-disc-spacing b being very small). Thus the z-variations of U θ and V r (and of U z when inter-disc-spacing is relatively large) are of critical importance. Similarly, the r-variations of the velocity components and pressure must be accounted for. In a conventional turbomachine, the Euler's work equation [Eq. (1) ] is often applied 4 for onedimensional steady flow. For more realistic calculations, the blades may be sub-divided into a few segments and Eq. (1) may be applied to each segment using a quasi-one-dimensional approach. In the Tesla disc turbine, the existence of the strong non-uniformity in multiple directions compels one to integrate the complex flow features directly into the theoretical formulation as shown below. We have shown the mathematical derivation for the flow configuration of a disc turbine, the interpretation of the final equations for a disc pump or compressor is given in Sec. II D. Figure 3 depicts the flow domain and the control volume contains the fluid between two consecutive discs. The control surface consists of the inlet circumferential plane, the outlet circumferential plane, and the surfaces of the two discs.
A. Determination of angular momentum
Consider an elemental circumferential area rdθ dz at an arbitrary location (θ ,z) at an arbitrary radius r. Mass flow rate through any circumferential plane (at arbitrary radius r) can be expressed aṡ
In Steady flow, the same mass flow rate exists at inlet, outlet, and at any circumferential plane of arbitrary radius (between the inlet and the outlet). In incompressible flow ρ (density of the working fluid) can be taken outside the integral sign. Further, for axi-symmetric flow, |V r | can be taken outside the θ -integration. Therefore, for incompressible, axi-symmetric flow, Eq. (3) is simplified tȯ Figure 3 shows that careful consideration of non-uniformity is needed in determining the flux of angular momentum at inlet. This is because the elemental mass flow rate depends on the radial velocity V r,i (which is strongly non-uniform in the z-direction) and this is to be multiplied by U θ,i which is perpendicular to V r,i and is itself strongly non-uniform in the z-direction. There may be additional non-uniformity in the θ direction for complex boundary conditions.
The total flux of angular momentum at inlet (r = r i ) is given by
Equation (4) may be written in a more compact form if one defines the mass-flow-averaged absolute tangential velocityÛ θ as follows: 
Combining Eqs. (4) and (5) one obtains
where,Û θ,i is the mass-flow-averaged absolute tangential velocity at inlet. Similarly, the flux of angular momentum at outlet is given by
The Reynolds transport theorem [24] [25] [26] applying on any system property (here, the property is H and its specific value is h) for a non-deforming control volume can be written as
In Eq. 
B. Determination of viscous torque
The control surfaces are such that pressure does not create any moment about the z-axis; the moment on the fluid control volume for the Tesla disc turbine is solely created by viscous shear forces. Out of the six independent elements of the symmetric stress tensor, only two shear stresses, viz., τ zθ and τ rθ , act on the control surfaces such that they can produce a moment about the rotational axis z (see Figure 3) . Consider a circular strip of width dr at a radius r on the surface of the disc. The shear stress acting on the strip is τ zθ (z = 0). The shear force acting on the strip is (rdr) The shear stresses τ zθ and τ rθ are to be treated as algebraic quantities and a consistent sign convention must be used. τ rθ may be positive over some values of z, while it may be negative at other values of z.
It is interesting to note that both τ zθ and τ rθ create viscous torque on the fluid and thus need to be considered in the formulation of work equivalence principle. On the other hand, only τ zθ applies on the disc surface and thus only this component is responsible for the transfer of useful power that can be externally extracted from the shaft connected to the discs.
An order of magnitude analysis 13 shows that the contribution of τ rθ would be small (since r z) in comparison to that of τ zθ . Hence τ rθ has been neglected in the analytical theory given in Sec. III below. In the CFD solution given in Sec. V, however, when a uniform velocity profile is prescribed at the inlet, the z-profile of U θ forms rapidly and approaches the parabolic profile (for small aspect ratio and air as working fluid) assumed in the analytical theory within the first few grid points in the r-direction. Hence although the value of τ rθ is globally small (as expected from the order of magnitude analysis mentioned previously), τ rθ may not be small at the inlet surface where it matters most for the calculation of the applied viscous torque. However, the contribution of τ rθ to the applied viscous torque still remains small even in the CFD simulation because the surface area (2π r i b) over which τ rθ acts is much smaller than the surface area over which τ zθ acts. In a practical Tesla disc turbine with one or more nozzles arranged around the circumference, there may be viscous stress generated in the shear layer between the rotating fluid and the stagnant fluid near the casing-this may be a physical reason for the existence of τ rθ in such flow configurations.
C. Work equivalence principle
The work equivalence principle for a Tesla disc turbomachine may be enunciated as: "The change in angular momentum of the fluid passing through a Tesla disc turbine is equal to the viscous torque applied at the boundary of the control volume." Mathematically,
The validity of Eq. (11) has been assessed in Secs. III-V. In Sec. III A, the synopsis of an analytical theory is given, from which the three-dimensional, axi-symmetric flow field can be determined. Based on this analytically determined flow field, both Euler and shear can be calculated: the validity of Eq. (11) can then be checked. This is done in Sec. III B. In Sec. IV, additional physical insight is provided by analyzing the equations in the absolute and relative frames of reference: this, in particular, clarifies the subtle role played by the Coriolis force. In Sec. V, detailed CFD solutions are presented. This serves two purposes: the first utility is to assess the validity of Eq. (11) using the full Navier-Stokes equations for generalized geometries such as large aspect ratio (the analytical theory is based on several simplifying approximations), and the second use of the CFD solutions is to enhance the physical understanding.
D. Turbine versus pump or compressor
Although the fluid dynamics of work transfer has been developed above for the flow configuration of a Tesla disc turbine, the principle, and equations are equally applicable to disc pump or compressor as well. Thus Eqs. (9)- (11) are applicable for all types of disc turbomachines. For a disc turbine, H o < H i . Equation (9) then shows that Euler is negative, which means thaṫ W x is positive. The reverse is true for disc pumps or compressors:
Equation (11) demands that the sign of shear in disc turbines must also be opposite to that in disc pumps and compressors. This is physically satisfied by the fact that, for a disc turbine, the fluid imparts rotation to the disc and thus the tangential velocity of the disc is lower than the tangential velocity of the fluid adjacent to the disc (∂U θ /∂z > 0). For a disc pump or compressor, the disc imparts rotation to the fluid and thus the tangential velocity of the disc is greater than the tangential velocity of the fluid adjacent to the disc (∂U θ /∂z < 0). The sign of τ zθ in disc turbine is thus opposite to that in disc pump or compressor.
III. ANALYTICAL DEMONSTRATION OF THE WORK EQUIVALENCE PRINCIPLE, EQ. (11)
It is to be remembered that the work equivalence principle, Eq. (11) derived above, is valid for laminar as well as for turbulent flow. For laminar flow, the validity of Eq. (11) is assessed with the help of a simple analytical theory giving the velocity and pressure fields within a Tesla disc turbine. 13 The essence of the analytical theory is given in Sec. III A for ready reference. Laminar flow is considered for the example calculations given in the present paper since the chosen disc turbine dimensions and flow conditions are such that the experiments in Ref. 10 established that the flow is laminar even for the largest inter-disc spacing considered here.
There are various works (e.g., Refs. 8 and 27) to suggest that the flow through co-rotating discs of a Tesla turbomachine may also become turbulent. The instability criteria for the flow over a rotating disc in an infinite expanse of fluid and for the flow between a static and a rotating disc are considered, respectively, by Lingwood 28, 29 and Cousin-Rittemard et al. 30 Cousin-Rittemard et al. 30 have found that the onset of instability occurs when the value of b 2 / ν exceeds 2000. The value of b 2 / ν considered in the present analysis is much less than 2000. However, the flow configuration of a stator-rotor assembly is different from that of a Tesla disc turbine (as explained in Sec. I), and there is a need for a detailed stability analysis for the present case, as noted by Rice 8 : "It is desirable that it be explored further both experimentally and by additional hydrodynamic stability analysis."
A. Synopsis of an analytical theory for determining the flow field
The domain for the mathematical solution is the three-dimensional space ( Figure 2 ) between two circular rotor discs separated axially (i.e., in the z-direction) by a distance b. The rotor inlet is situated along the periphery of the discs (i.e., at radius r i ). The rotor outlet is at the centre of the discs (at radius r o ).
The flow between the discs has been assumed to be steady, incompressible, laminar, and axisymmetric. Guha and Sengupta 13 presented a detailed order of magnitude analysis of the various terms of the three-dimensional conservation equations in the cylindrical coordinate system and based on these the appropriate important terms for the present problem are included in the governing equations given below.
The continuity equation, the momentum equations, and boundary conditions are written in terms of relative velocities. For this purpose the relations between the absolute and relative velocities (Eq. (2)) are used. For small aspect ratio, the governing conservation equations take the following form:
Boundary conditions at r = r iV r =V r,i,
There are three variables in Eqs. (12)- (18), which have not been described previously: kinematic viscosity of the working fluid ν, pressure p, and gravitational acceleration g.
Within the boundary layer developed on the flat solid discs, the relative tangential and radial velocities at any radius between r o and r i can be modelled as
where
The variable R in Eq. (21) represents the non-dimensional radius. The functions G θ and G r , which are respectively the z-variation of tangential and radial velocities within the boundary layers, are assumed to be parabolic in nature. The physical justification for the above assumptions is described in Ref. 13 . The expressions of G θ and G r are given by
Equations (22) and (23) are applicable when the aspect ratio is small. When the aspect ratio is large, velocity profiles cease to be parabolic. The flow field can then be calculated by another analytical theory (currently under development) or by CFD simulations (as has been done in later example calculations given in this paper).
Integrating the differential form of the continuity equation (12), one obtains
We introduce the following three non-dimensional variables for further theoretical development:
where p is the non-dimensional pressure, φ i is the flow coefficient, and γ is the tangential speed ratio at inlet. The θ -momentum equation (13) and r-momentum equation (14) are integrated partially with respect to z over the domain (0, b/2). This makes it possible to transform the PDEs [Eqs. (13) and (14)] into ODEs. The complete analytical solutions of the ODEs are available in Ref. 13 . The variation of V θ along the radial direction is given bȳ
The analytical theory has been verified in Ref. 13 by comparing its predictions with experimental measurements available in the literature. A systematic dimensional analysis (providing the appropriate non-dimensional numbers for explaining and quantifying the flow physics of the rotating flow within the narrow spacing of multiple concentric discs), a similitude study (for achieving geometric, kinematic, and dynamic similarity between a model and the prototype), the proper scaling laws for obtaining Eqs. (12)- (15) from Navier-Stokes equations, and, the physical interpretation of C 1 and C 2 of Eq. (27) , and, (vii)
. Geometric similarity is ensured by keeping the value of radius ratio and aspect ratio of the model same as that of the prototype. After achieving geometric similarity, dynamic similarity number, flow angle at inlet and tangential speed ratio at inlet of the model need to be equal with those of the prototype to ensure complete dynamic similarity between the model and the prototype. For a Tesla disc compressor (or pump), a similar analysis is applicable if two non-dimensional numbers are suitably modified: a flow coefficient φ i ≡ Ū r,i / r i may be used instead of the flow angle at inlet, and, the non-dimensional number b 2 / ν may be used instead of the dynamic similarity number Ds.
B. Equivalence of Euler torque ( Euler ) and torque calculated from shear stress ( shear )
In this section, the equivalence between shear and Euler will be demonstrated from the mathematical theory described in Sec. III A. For this purpose, both sides of the θ -momentum equation (13) are multiplied by r and expressed as
Using the relation between absolute and relative tangential velocity (Eq. (2)), Eq. (28) can be written in the following form:
Multiplying both sides of Eq. (29) by π rρ we get
where, μ is the dynamic viscosity of the working fluid. Equation (30) is integrated partially with respect to z over the domain (0, b/2) [using Eq. (18)],
where, τ w = τ zθ (z = 0, b) is the shear stress on the disc surface. Integrating Eq. (31) in the radial direction from outlet to inlet we get
The order of integration is interchanged on the left-hand side of Eq. (32). The assumptions made in the analytical theory of Sec. III A mean that τ rθ (r = r i ) and τ rθ (r = r o ) can be neglected. Equation (10) then shows that for axi-symmetric flow,
Therefore, Eq. (32) can be rearranged as
Substituting the expression of V r from Eqs. (20) and (24) into Eq. (34) we get 
Using Eqs. (4)- (7) and the condition of axi-symmetry, Eq. (37) can be expressed as
Equations (9) and (38) show that
Equation (39) is the same as Eq. (11), the proposed work equivalence principle for the nonuniform viscous flow within a Tesla disc turbine. It is useful to summarize the route we took to demonstrate the validity of Eq. (39). We started with the differential θ -momentum equation (13), and used Eq. (20) and the solution of the continuity equation (24) 
IV. INTERPRETATION OF TORQUE IN ABSOLUTE AND RELATIVE FRAMES: ROLE OF CORIOLIS FORCE
Euler , using the relation between absolute and relative velocities as described in Eq. (2), can be divided into two parts as given below
It can be observed that both of the terms of Eq. (40) are proportional to mass flow rate. The termṁ r
depends on the rotational speed of the reference frame, whereas the terṁ m V θ,o r o −V θ,i r i depends on the relative tangential velocity of the fluid. These two terms will be used multiple times in the subsequent theoretical discussion, henceforth these two terms are denoted as
and,
It is recalled that, while demonstrating Euler = shear in Sec. III B, it has not been necessary to actually evaluate ∂ V θ /∂z using the analytical solution for V θ (Eq. (19)) given in Sec. III A. We now want to evaluate ∂ V θ /∂z using Eq. (19) to find out whether shear can be also naturally divided into two parts corresponding to the two components of Euler given by Eqs. (41) and (42).
First, the wall shear stress on one side of a single disc is calculated by using the definition of V θ from Eq. (19) . Therefore, the expression of wall shear stress is given by
The expression of τ w (r ) from Eq. (43) is substituted in Eq. (33) . Equation (33) is then integrated. This gives
where, R o is the non-dimensional radius at outlet, i.e., R o ≡ r o /r i . The expression shear in Eq. (44) can be divided into two parts as given below
and
Equations (45) and (46) apparently suggest that both parts of the torque depend on the dynamic viscosity μ of the fluid; this seems logical from one's expectation from other fields of fluid dynamics. However, if the expressions ofṁ (from Eq. (3)) and C 1 (from Eq. (27)) are substituted in Eq. (45), then Eq. (45) becomes
Equation (47) 
A comparison of Eqs. (41) and (48) shows that
If the expressions ofṁ (from Eq. (3)) and C 1 (from Eq. (27) ) are substituted in Eq. (46), then Eq. (46) becomes
For the axi-symmetric parabolic profiles, Eqs. (22) and (23), the definition of a mass-flowaveraged quantity (Eq. (5)) shows that the mass-flow-averaged and area-averaged velocities are related byV
Substitution ofV θ (R)/V θ,i from Eq. (26), C 1 from Eqs. (27) and (51) into Eq. (50) gives
A comparison of Eqs. (42) and (52) shows that
A study of Eqs. (48) and (52) may suggest that, like ( shear ) 1 , ( shear ) 2 is also independent of fluid viscosity. This is not however the case. Although μ does not appear explicitly in Eq. (52), its effect is implicitly present since, for a givenV θ,i , the value ofV θ,o depends on the value of μ.
A. Work equivalence principle in the relative frame
In order to understand the physical origin of the component of "shear stress," ( shear ) 1 The torque produced by the shear force shear , discussed in Sec. II B, also applies to the rotating frame of reference since Eq. (2) shows that ∂U θ /∂z = ∂ V θ /∂z. Let the torque produced by the fictitious Coriolis force is denoted by Coriolis (whose magnitude is determined below). Equation (54) then can be written as Work equivalence principle in the rotating frame of reference
We now turn our attention to calculate Coriolis . Consider an annular ring of width dr and thickness dz at a radius r. According to the continuity equation,ṁ remains constant at every circumferential plane at arbitrary r.ṁ is then independent of r and therefore can be taken outside the integral. Equation (56) therefore can be written as 44)) was derived by integrating the expression of τ w , which is given by Eq. (43) and is dependent on viscosity μ, over the disc surface area. The mystery of why a part of this viscous torque, ( shear ) 1 , would then be independent of viscosity is thus resolved once one takes the effect of Coriolis force in the rotating frame of reference (Eqs. (54), (55), and (57)).
V. COMPUTATIONAL FLUID DYNAMICS SOLUTION
A computational investigation of the fluid dynamics of work transfer within a Tesla disc turbine has been reported in this section. A commercially available CFD software CFX 14.5 is used to solve the full Navier-Stokes equation in the domain as defined in Sec. III A. CFX 14.5 is an element-based finite volume solver. Flow conservation equations are solved for finite volumes which are generated by discretizing the spatial domain into a mesh of discrete nodes. CFX 14.5 uses finite-element shape functions to evaluate the velocity and pressure at integration points from the velocity and pressure 33 are implemented to avoid the formation of a decoupled (checkerboard) pressure field. The detailed procedure and solution methodology are given in Ref. 34 . Various numerical schemes (upwind scheme, central difference scheme, high resolution scheme, etc.) are available in CFX 14.5 to evaluate the advection terms at the integration points. In the present study the high resolution scheme of CFX is used; the spatial order of the scheme may vary between one and two. Double precision arithmetic is adopted for all numerical calculations given in this paper.
The geometry of the model and the computational grid are generated by the commercially available software GAMBIT 2.4.6. The geometrical details (inlet radius, outlet radius, maximum inter-disc-spacing) and input flow variables Ū θ,i ,Ū r,i chosen for the present study are the same as those used in the experimental study in Ref. The flow is considered to be steady and laminar. The boundary conditions used in the present study are as follows:
1. The specified velocities at the inlet and static pressure at the outlet are assumed axi-symmetric. 2. At inlet, the area-averaged tangential velocityŪ θ,i is specified as 106 m/s and the area-averaged radial velocityŪ r,i is −11.5 m/s. The chosen tangential and radial velocities imply a nozzle angle of 6.2
• with the tangential direction. For computations reported in this section, it is assumed that there is no z-variation of the velocities. However, the effects of non-uniformity of inlet velocities in the z-direction have been studied in Sec. VI (with the same values ofŪ θ,i andŪ r,i mentioned above). 3. At outlet, the boundary condition is modelled as pressure outlet with zero gauge pressure. 4 . No slip boundary condition is set on the disc walls. A rotational speed ( ) of the disc (wall) is also set.
Numerical simulations are carried out for a large number of γ (by varying of the disc), and out of these many calculations, the results for three particular values of γ are discussed in this paper ( = 1000 rad/s, γ = 4.24; = 3000 rad/s, γ = 1.413; = 5000 rad/s, γ = 0.848). The quantitative solutions given in this paper are valid for a particular fluid, viz., air. In order to systematically select an appropriate convergence criterion, the flow for the same computational domain has been simulated thrice as the maximum residual is set respectively at 10 −5 , 10 −6 , and 10 −7 . It is found that when the maximum residual is changed from 10 −6 to 10 −7 , the corresponding changes in both area-averaged and mass-flow-averaged radial and tangential velocities are less than 0.05%. Hence, a maximum residual of 10 −6 is chosen as the convergence criterion for the present study.
A grid-independence test has been carried out (Table I showing a few pertinent details), and based on this study, a total of 2 280 000 (120 × 190 × 100) mapped, hexahedral computational cells are used for the results presented in this paper. The grids are distributed differently in the r, θ , and z directions in accordance with the difference in the flow physics in the three directions. The grid distribution in the z-direction is non-uniform with very small grid size close to the surfaces of the two discs (to capture the velocity gradient on the surface accurately) and with progressively larger grid size as one moves away from the surfaces to the middle of the inter-disc gap (with a successive ratio of 1.05). Since the applied boundary conditions are axi-symmetric, the grids in the θ -direction are uniformly distributed. In course of the present study, it has been found that, when there is no z-dependence in the applied boundary conditions at inlet for the radial and tangential velocities, both velocities change very rapidly within a very short radial distance from the inlet, within which the z-profile of both velocities are created from their uniform values at inlet. In order to capture this effect properly, the grids in the radial direction are divided into two zones-non-uniform and uniform. Near the inlet, non-uniform boundary-layer-type grids with 20 rows in the radial direction are used. The size of the first grid is 0.003 mm and the successive ratio of the geometric progression series is 1.2. The rest of the radial extent up to the outlet is meshed uniformly with 100 grid points. The rapid attainment of the z-dependence of the absolute tangential velocity within a short radial distance of the inlet is shown in Figure 4 . Instead of performing a detailed grid independence test for every value of inter-disc spacing b studied in the present paper, we have performed the grid independence study only for the maximum value of b as shown in Table I and have used the same grid (120 × 190 × 100), described above, for all other values of b (which are lower than b = 0.46 mm). As the value of b decreases, the same accuracy could be obtained with correspondingly reduced number of grids in the z-direction, but the finer grid did not pose a severe constraint on the computational resources available to us.
The mass-flow-averaged and the area-averaged velocities are computed at the inlet and the outlet. Euler is then obtained from Eq. (9) on the basis of the mass-flow-averaged velocities. Detailed computations reveal that there are subtle differences in the mechanism of work transfer as the aspect ratio (b) is altered or the tangential speed ratio (γ ) is varied. Table II shows the results of the numerical simulation for three different aspect ratios (b) corresponding to three inter-disc-spacings (b). For each ofb the results are presented for two values of γ . Mass-flow-averaged (Û θ ) and area-averaged tangential velocities (Ū θ ) are calculated at the inlet and the outlet. It can be observed from Table II Table II shows that for smaller aspect ratios (0.0046, 0.0092) the torque calculated by using area-averaged tangential velocities is greater than the torque calculated by using mass-flow-averaged tangential velocities. This trend is opposite to that which is observed for comparatively larger aspect ratio (0.0184). The reason for this can be explained as follows. For small aspect ratio, the radial and tangential velocity components starting with a uniform distribution (both in the θ and z-directions) at inlet become parabolic (in the z-direction) within a short radial distance. Equation (51) shows that the mass-flow-averaged tangential velocity is greater than the area-averaged tangential velocity. Therefore, the magnitude ofÛ θ,o is greater thanŪ θ,o due to the parabolic distribution. However,Û θ,i =Ū θ,i because of the uniform velocity distribution at inlet. This makes the magnitude of the term (U θ,o r o − U θ,i r i ) in Eq. (1) greater while the Euler torque is calculated using the area-averaged tangential velocities for smaller aspect ratio. When the aspect ratio is large (e.g., 0.0184), the z-distribution of the radial velocity V r is not parabolic but is more complex with low values in the central region (where the tangential velocity U θ component is large). This makes the mass-flow-averagedÛ θ,o less than the area-averagedŪ θ,o . Guha and Sengupta 14 had shown that the variations of the area-averaged relative tangential velocity within a Tesla disc turbine depend on the local balance of various forces. The θ -momentum equation (13) may be interpreted as a relation that specifies the value of ∂ V θ ∂r , i.e., how V θ changes with r. In Eq. (13), 2 V r is the θ -component of Coriolis acceleration, the term (V r V θ ) / r takes an important part to conserve the angular momentum of the working fluid, the term ν ∂ 2 V θ ∂z 2 represents the viscous (frictional) acceleration (a negative value would show that it is in fact a deceleration).
Depending on the relative magnitudes of these accelerations, ∂ V θ ∂r may be positive, zero or negative.
For γ > 1, V θ increases for the combined effect of V r V θ r and 2 V r , while it decreases due to the effect of ν ∂ 2 V θ ∂z 2 . 14 As one moves from the inlet to the outlet, the effect of ν ∂ 2 V θ ∂z 2 may dominate at first, then the combined effect of (V r V θ ) / r and 2 V r overtakes. With decreasing r, V θ then decreases to a minimum at a certain radius (whose value depends onb and γ , and would be observable only if the value of this radius is greater than the outlet radius used in the particular design) and then onwards increases. For certain geometry and flow conditions (for example at high ), V θ may become quite large at the outlet. Equation (2) shows that U θ depends on V θ and r. Although, r decreases as one moves from the inlet to the outlet, U θ may sometimes increase since V θ increases. This is the reason why in Table II one finds that the absolute tangential velocity at oulet is greater than that at inlet whenb = 0.0184 and γ = 1.413 (which corresponds to large ).
The magnitude of the viscous term ν ∂ 2 V θ ∂z 2 increases with an increase in γ and with a decrease inb. For large γ and smallb, V θ may therefore decrease rapidly and substantially as one moves radially from the inlet to the outlet, so much so that even after the subsequent increase due to the combined effect of (V r V θ ) / r and 2 V r the magnitude of V θ at the outlet remains low. This is why in TABLE III. Mass-flow-averaged and area-averaged relative tangential velocities at inlet and outlet (For all calculations r i = 25 mm (R = 1), r o = 13.2 mm (R = 0.528), and air is used as working fluid.) a The equality is true only because a uniform velocity profile is assumed at inlet for these example calculations.
Table III the value of V θ at outlet is substantially smaller than that at inlet when γ = 4.24 and b = 0.0046 orb = 0.0092. For these cases, the value U θ at outlet is also substantially smaller than that at inlet (see Table II ). However, in order to find out whether this trend in the variation of V θ and U θ continues if the outlet radius is progressively reduced, a series of further computations with outlet radius smaller than that of the experimental Tesla turbine (for whose dimensions the computational results are reported in this paper) were undertaken. A selected case (r o /r i = 0.2,b = 0.006, γ = 1.413) from these computations is depicted in Figure 5 . Figures 5(a) and 5(b) show that, for γ > 1, though V θ and U θ initially decreases as one moves radially inward from the inlet, both quantities eventually increase (this changeover may take place quite close to the axis of rotation if the inter-disc spacing is very small). Figure 5 (c) further shows that the absolute value of radial velocity |U r | progressively increases in the negative r-direction i.e., towards the outlet. It is so because the flow area (2π rb) decreases with a decrease in r and the fluid flow (steady, incompressible, and axi-symmetric) has to satisfy the equation of continuity. The distribution of absolute tangential velocity (U θ ) in the flow domain is discussed above. Equation (1) shows that Euler depends on the product of absolute tangential velocity and radius (i.e., U θ r). The term (U θ,o r o − U θ,i r i ) signifies the change in specific enthalpy from inlet to outlet within a Tesla disc turbine. Under steady state condition for a particular , the parameter U θ r is determined by post-processing the CFD results. Iso-surfaces of U θ r are computed to find out the spatial distribution of specific work transfer in the narrow gap between two consecutive discs. Figures 6 and 7 reveal the detailed fluid dynamics of the work transfer, depicting two qualitatively different spatial distributions of U θ r for fluid flow with two different values of aspect ratio. Figure 6 represents the iso-surfaces of U θ r for very small aspect ratio (i.e., 0.0046). Figure 7 represents the iso-surfaces of U θ r for a comparatively larger aspect ratio (i.e., 0.0184). The tangential speed ratio γ for both cases is set as 4.24. The tangential and radial velocities at inlet are the same as discussed previously. Figures 6(a), 6(b) , and 7(a) appear shorter in the z-direction as compared to the rest of the figures. They represent iso-surfaces close to the outlet; hence the orientation of the three-dimensional isometric views creates the impression of shorter height.
Figures 6(e) and 7(f) show that U θ r is uniform at inlet because the uniform boundary condition for U θ is specified there. As the working fluid moves spirally inward, the flow becomes non-uniform (see Figures 6(a)-6(d) and 7(a)-7(e) ). The nature of non-uniformity can be assessed by observing the bends of the iso-surfaces of U θ r. The shapes of the surfaces signify that the value of U θ r is relatively small near the surfaces of the discs. This occurs because of the effect of boundary layers which develop over the surfaces of the discs where no-slip boundary conditions in the relative frame are specified. A comparison of Figures 6 and 7 shows that the drop of specific enthalpy in the radial direction is more gradual for largerb. Figure 6 shows that for smallerb (and γ = 4.24), most of the drop in specific enthalpy occurs near the inlet. It can be seen from Figure 6 (b) that near the outlet U θ r is more or less uniform throughout the disc spacing (whereas Figures 7(a) and 7(b) show that low values of U θ r are located near the surface of the disc). This feature can be verified from the results presented in Table II . On the other hand, Figure 7 shows that, for largerb, non-uniformity exists in the whole flow domain except at the inlet (for the specified boundary condition). Hence mass-flow-averaging is a must to calculate the Euler work for a Tesla turbine with comparatively largerb. Table II also shows that the disparity between the Euler torque ( Euler ) and torque calculated by area-averaged formulation (ṁ Ū θ,o r o −Ū θ,i r i ) is greater in the case of largerb. Figures 6 and  7 signify the fact that more work within a shorter radial span can be extracted from the fluid stream if one uses smallerb. Figure 8 shows a case of flow reversal 14 which occurs in the relative frame of reference when γ < 1. The computation has been carried out forb = 0.0184. The inner and outer radius of the discs and the boundary conditions at inlet and outlet planes remain the same as mentioned above. The rotational speed of the discs are set to 5000 rad/s for which γ = 0.848. Plane 2 of Figure 8 shows the contour of V θ /( r i ) on a rz plane (as the flow is axi-symmetric V θ does not vary in the θ -direction) which is extended from r = r i to r = r o and from z = 0 to z = b. It can be seen that V θ /( r i ) is negative at inlet (except on the surfaces of the discs where V θ = 0) and positive at outlet. Hence, V θ is negative at inlet but positive at outlet. Somewhere between the inlet and the outlet, the flow reversal in the relative frame of reference has taken place. This is indicated by the dotted line on Plane 2 in Figure 8 . ) and V θ r − V θ,i r i , respectively when γ < 1 (a case of flow reversal in the relative frame reference). It can be observed from the contours on Plane 1 that, starting from zero at inlet, the value of U θ r − U θ,i r i is positive near the inlet. This signifies the fact that up to some radial position, the fluid absorbs power from the surfaces of the discs. When the working fluid moves further downstream, the value of U θ r − U θ,i r i becomes negative. Hence, considering the total extent of disc-surfaces, net power is transmitted from the fluid to the discs, and the turbine can generate shaft power output. Now, using Eq. (2) Secondly, it can be observed from Figures 9 and 10 that for small value of aspect ratio b = 0.0046 and large value of tangential speed ratio (γ = 4.24), most of the angular momentum is transferred from the fluid to the surfaces of the discs in the inlet region. To comprehend this issue, Eq. (40) is expressed in the following form:
The termṁ r Wheñ b is small, the frictional force is large (particularly so for low values of which indicates high relative velocity between the disc and fluid since the inlet absolute tangential velocity is held constant in the analysis) and the relative tangential velocity decreases substantially within a short radial distance from the inlet plane. Therefore, the value of H also changes rapidly within a short radial distance from the inlet. Keepingb fixed at a small value, if γ is increased (i.e., is decreased) then the change in H becomes greater in the inlet region but H increases at a lower rate near the outlet. This behaviour can be seen if Figures 9 and 10 are compared with each other.
Thirdly, it is found that, when the value ofb is large (say 0.0184), the rapid change of H in the inlet region does not take place. The change in angular momentum in the radial direction is more uniformly distributed between the inlet and outlet.
VI. EXACT THEORY VERSUS AREA-AVERAGING APPROACH
In turbomachinery calculations, the area-averaged quantities are sometimes used (e.g., (6) and (7), and should be the adopted methodology for accurately analyzing the flow through Tesla disc turbomachines. Accurate accounting is required in the enunciation of a scientific principle such as the equality of Euler (determined from the change in angular momentum) and shear (determined from the integrated effect of the shear stress acting on the disc surface), as encapsulated by Eq. (11) .
Although the terminology "mass-flow-averaged" is used in the present paper to evoke familiarity with a concept used in conventional turbomachine, the application of the concept in the present work is subtly unique. Conventionally, the mass-flow-average of a scalar quantity is used (e.g., massflow-averaged enthalpy, mass-flow-averaged entropy, mass-flow-averaged total pressure, etc.). In the present work, mass-flow-average of a velocity component, which is at right angle to the velocity component that determines the mass flow rate, is involved. Both velocity components are nonuniform: they are certainly strongly non-uniform in the z-direction, there can also be non-uniformity in the θ -direction.
A study of Table II shows that for certain geometries and flow conditions, the difference between the mass-flow-averaging and area-averaging approaches may be small in determining the overall torque, though very large differences are also possible. It may not be possible to predict how large the difference would be, a priori, without performing both calculations (i.e., the exact formulation and the area-averaging approach). It has also been shown (Table III; Eq. (51)), thatV θ,o is significantly different fromV θ,o . Equation (51) implies that, for parabolic velocity profiles, the final results of the mass-flow-averaging approach is as simple as that of the area-averaging approach, differing only by a numerical factor (6/5). The formulation given in Sec. II A for determining the angular momentum in a Tesla turbomachine has, moreover, the following advantages. First of all, it is a rigorous and generic mathematical formulation. As an example, the present formulation is applicable to incompressible as well as compressible flow; the simple area-averaging approach would be limited to incompressible flow where density does not change appreciably.
Secondly, the present formulation of Sec. II A can deal with flow non-uniformity of arbitrary complexity. As an example, a practical Tesla disc turbine may have one or more discrete nozzles at the periphery, destroying the axi-symmetry of the flow field. The present formulation would be able to tackle such (or any other arbitrarily complex) non-uniformity, whereas the simple area-averaging approach would not be appropriate in such situations.
The example calculations shown in Tables II and III assume that, at inlet, the prescribed tangential and radial velocities are uniform. The implication of having non-uniform (z-dependence) velocities at inlet has been explored in the example calculations shown in Table IV . (Axisymmetric boundary conditions have been applied at both inlet and outlet for all calculations shown in Tables II-IV .) The cases presented in Table IV are chosen such that H o is large for all cases. The results show that, even for high values of H o , the difference between mass-flowaveraged and area-averaged formulations can be significant (more so when the inlet conditions are non-uniform).
Thirdly, computation of Euler is not the only objective of the present paper, it also explores several other subtle aspects of the fluid dynamics of work transfer, including its spatial development, in a Tesla disc turbomachine. For example, the complex (sometimes continuous, sometimes disjointed) three-dimensional shapes of the iso-surfaces of U θ r have been shown, for the first time, in Figures 6 and 7 . The radial distribution of the torque potential fraction is investigated in Figures 9  and 10 , so that one can determine the amount of torque transfer between any two arbitrary radial positions. The subtle role played by the Coriolis force in the fluid dynamics of work transfer has been elucidated in Sec. IV. Such detailed investigation and understanding of the fluid dynamics of work transfer in the Tesla disc turbomachine would not be possible through the simple area-averaging approach. Figure 11 shows the spatial development of the percent difference in torque potential
, whereĤ andH denote angular momentum based respectively on the mass-flow-averaging and area-averaging). The figure shows that, because of the large deviations involved, the spatial development of torque and work transfer cannot be studied by the area-averaging technique. 
The LHS of Eq. (59) represents the change in angular momentum in the relative frame and the RHS of Eq. (59) is the specific torque due to Coriolis force. So, in the absence of shear stress, the two parts balance each other. 2. Equation (42) shows that ( Euler ) 2 [γ ] notorque = 1 − 10 6
4. Guha and Sengupta 14 had shown that under a flow reversal condition in the relative frame of referenceV θ,i < 0 andV θ,o > 0. Now, it has been discussed in Sec. V thatV θ,i =V θ,i for uniform velocity profile at inlet andV θ,o >V θ,o at outlet for small disc spacing. Hence, for flow reversal with small inter-disc-spacing V θ,o r o −V θ,i r i > 0. This represents a situation when the Tesla disc turbine can generate net torque because of the torque produced by the θ -component of Coriolis force which reverses the direction of V θ in the direction of the rotation of the discs. 5. When the inter-disc spacing is small so that a parabolic variation of V θ in the z-direction is a good assumption, the analytical theory described in Sec. III A is valid. Equation (26) can then be recast to show the radial variation in r V θ :
For small inter-disc spacing, Eqs. (58) and (61) can be used to determine (design) the combination of geometrical details and flow input variables for which desirable values of the overall work transfer can be obtained. Equation (58) shows that a low value of rV θ at rotor outlet is required to achieve a low value of the torque potential fraction at outlet H o .
The fluid dynamics of the torque and work transfer in a Tesla disc turbine has been examined from several angles in the present paper. The newly defined torque potential fraction has emerged as an important design parameter. There are other important aspects such as the radial pressure drop and efficiency, which have not been presented here to keep the discussion focussed. Equation (14) , the radial r-momentum equation, gives the magnitude of pressure drop, and, shows that there are four terms which contribute to the change of pressure-inertial, centrifugal, Coriolis, viscous. Computation of pressure drop and efficiency may be found in Refs. 13 
VIII. CONCLUSION
The fluid dynamics of work transfer within a Tesla disc turbomachine (turbine or compressor) has been investigated theoretically and computationally. Both the overall work transfer and its spatial development have been considered. It has been established that the work transfer mechanism in a Tesla disc turbomachine is very different from that in a conventional turbomachine, and the formulation of the Euler's work equation for the disc turbomachine (Sec. II) contains several conceptual subtleties because of the existence of complex, three dimensional, non-uniform, viscous flow features within the narrow gaps (of the order of hundred micron) between successive discs. The work equivalence principle, Eq. (11), for this most unusual type of turbomachine involves setting up the equality between the magnitudes of work transfer determined rigorously from two different approaches-one based on the shear stress acting on the disc surfaces and the other based on the change in angular momentum of the fluid. With the help of the Reynolds transport theorem it is shown that mass-flow-averaged tangential velocities (as opposed to the normally used area-averaged values) must be used for an exact determination of the angular momentum, and, the calculation has to be carefully formulated since both radial velocity (that determines throughput) and tangential velocity (that generates torque) depend strongly on the coordinate perpendicular to the disc surfaces (Eq. (5)).
It is shown that both τ zθ and τ rθ create viscous torque on the fluid (Eq. (10)) and thus need to be considered in a rigorous formulation of work equivalence principle. On the other hand, only τ zθ applies on the disc surface and thus only this component is responsible for the transfer of useful power that can be externally extracted from the shaft connected to the discs. It is only if τ rθ is negligible that the relationẆ x = − Euler is strictly valid, whereẆ x is the shaft power output and Euler is given by Eq. (9) . The novelty of the analysis of Sec. III B is that shear is determined from the θ -momentum equation without evaluating the term ∂ V θ /∂z, i.e., a more general analytical
